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KENICHI BANNAI AND GUIDO KINGS 

Abstract. The specializations of the motivic elhptic polylogarithm on 
the universal elliptic curve to the modular curve are referred to as Eisen- 
stein classes. In this paper, we prove that the syntomic realizations of 
the Eisenstein classes restricted to the ordinary locus of the modular 
curve may be expressed using p-adic Eisenstein-Kronecker series, which 
are p-adic modular forms defined using the two-variable p-adic measure 
with values in p-adic modular forms constructed by Katz. 



0. Introduction 

The elliptic polylogarithm was introduced by Beilinson and Levin in their 
seminal paper [BLj . There the elliptic polylogarithm appears as an element 
in the motivic cohomology of a relative elliptic curve ir : E ^ B minus the 
zero section. The specializations of this element along torsion sections of 
the relative elliptic curve are what is known as Eisenstein classes, and in 
their paper, they explicitly described these classes in terms of certain real 
analytic Eisenstein-Kronecker series. 

These Eisenstein classes have found numerous applications to special val- 
ues of L-functions. Immediate is the relation to L-values of CM-elliptic 
curves as considered by Deninger [Denj and in [Kij . Less immediate, but 
implicit in earlier work of Beilinson |Beij , is the relation to L-values of mod- 
ular cusp forms, where one has to consider cup-products of these Eisenstein 
classes. This work by Beilinson has in turn inspired Kato's work on the 
Birch-Swinnerton-Dyer conjecture. An application to non-critical values of 
Dirichlet series is given in |HKlj . 

For the application to finer integrality questions about L-values, it is 
necessary to investigate not only the Hodge realization but also the etale 
and p-adic realizations of these classes. In the etale situation, as shown in 
[Kij . the elliptic polylogarithm for relative elliptic curves may be described 
essentially as the Kummer map of elliptic units on the modular curve. In 
the p-adic, or more precisely in the syntomic case, the only result known so 
far is the case for single elliptic curves with complex multiplication which 
have good ordinary reduction at p > 5 |Ba3j [BKTj . Up until now, there 
has not been any research concerning the relative case. 
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In this paper we consider the moduh space of elhptic curves and the 
speciaHzation of the elhptic polylogarithm of the universal elliptic curve at 
torsion points. We define the syntomic Eisenstein class to be the rigid syn- 
tomic realization of such specializations. Our main result, Theorem 15. 11^ 
expresses the restriction of these classes to the ordinary locus of the mod- 
uli space in terms of p-adic Eisenstein-Kronecker series, which are defined 
explicitly using the p-adic Eisenstein measure constructed following Katz. 

In complete analogy with the case for absolute Hodge cohomology, rigid 
syntomic cohomology Hgy^{^ , Ai) with values in an admissible filtered over- 
convergent F-isocrystal M = (M, V, F, <I>) satisfying F^M = may be de- 
scribed by pairs (a, where a is an overconvergent section in T{XK,Mj-ig) 
and 1^ is an algebraic differential form satisfying the differential equation 



where <I> is the Frobenius on Ai (see Proposition IA.16I for details). The 
main problem is to explicitly describe the pair (a, corresponding to the 
syntomic Eisenstein class. 

In the case of the syntomic Eisenstein class, ^ is the differential form 
corresponding to the de Rham Eisenstein class. In order to determine the 
syntomic class, it is necessary to find a section a satisfying the differential 
equation ([1]). The main idea of this paper, which makes the computation 
elegant, is not to solve this equation directly but to translate it to the 
measure space used by Katz. It is one of the main insights of Katz, that 
the Gauss-Manin connection V acts on this measure space just as a twist 
by a certain character. This insight allows us to reformulate the above 
differential equation into an equation on this measure space, which may be 
solved explicitly. 

In |BLj . Beilinson and Levin constructs certain two- variable p-adic mea- 
sures using the etale realization of the elliptic polylogarithm, and in |BLj 
2.5.12, asks if there is a relation between this measure and Katz's theory of 
p-adic Eisenstein series. The syntomic Eisenstein class corresponds to the 
etale Eisenstein class via p-adic Hodge theory, and our main result relating 
the syntomic class to functions constructed using Katz's p-adic Eisenstein 
measure seems to be an important step towards answering this question. 

Furthermore, since we are using p-adic modular forms, we may only de- 
scribe the Eisenstein class on the ordinary locus. However, the syntomic 
Eisenstein class itself is defined on the entire modular curve, including over 
the supersingular disc. Explicit description of these classes over supersingu- 
lar points as well as ramifications to the study of p-adic modular forms are 
interesting topics for further investigation. 

Let us give an overview of the sections in this paper. In the first section, 
we review the definition of the Eisenstein classes in motivic and de Rham 
cohomology as specializations of the elliptic polylogarithm. In the second 
section, we define the Eisenstein class in rigid syntomic cohomology. In the 
third section, we write down explicit formulas for the de Rham realizations 
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of the Eisenstein classes. In the fourth section, we review the modular 
curve parameterizing elliptic curves with trivializations, and use this curve 
to calculate syntomic cohomology on the ordinary locus of the elliptic curve. 
In the final section, we construct p-adic Eisenstein-Kronecker series using 
the p-adic measure of Katz. We then use these series to describe the p-adic 
Eisenstein classes. In the appendix, we review the theory of rigid syntomic 
cohomology with coefficients. 
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1. POLYLOG AND EISENSTEIN CLASSES 

1.1. Moduli spaces. Let > 1 be an integer. In his paper |Ka3j . Katz 
works systematically with r(A^)'^"*'^-structures. Let i? be a ring and E/B 
be an elliptic curve. Consider the Weil pairing 

CAT : ^[A^] X E[N] fiN- 

A r(A^)'*'''*^-level structure of E is defined to be an isomorphism 

f3: fiN^ ^/NZ ^ E[N], 

where //at is the group scheme of A^-th roots of unity and £^[A'^] the A^-torsion 
points of E, such that the Weil pairing becomes under f3 the standard pairing 

<(Ci,n),(C2,m) >=cr/c2". 

Note that for A' > 3 the functor "isomorphism classes of r(A')'^"**^-elliptic 
curves {E, f3)" is represented by a smooth affine curve Marith(A^) over Z with 
geometrically irreducible fibers. For any ring B we let 

be the base change of Marith(A^)- 

Let us explain the connection of the r(A^)'*''''''^-structures with the more 
usual r(A^)-level structure. This is an isomorphism 

a : Z/NZ x Z/NZ ^ ^[A^], 
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which can only exist if N is invertible on B. The functor "isomorphism 
classes of r(A^) -elliptic curves {E, a)" is for > 3 represented by the smooth 
affine curve 

M{N) ^ A4Hth(iV) ®z m/NXN], 

where Cn C IJ-n is a primitive A^-th root of unity. For any Z[l/N, ^7v]-algebra 
B, we let M{N)b be the base change to B. 

Let us make the relation between M{N) and Marith(-^) more explicit. If 
N is invertible on B, each r(A^)-level structure a on E/B gives rise to a 
primitive A^-th root of unity det(a) and a r(A'^)^'''*^-level structure /? defined 
by /?(det(a)'^, m) := a{n,m). This correspondence establishes a bijection 
between the set of r(A^)-structures on E/B and the set of pairs {Cn,(3), 
where Cn is a primitive A^-th root of unity and (3 a r(A^)^'''*'^-structure on 
E/B. 

Finally, we recall the action of GL2(Z/A^Z) on M{N). An element 7 G 
GL2(Z/A^Z) acts on M{N) from the right as follows: 

{E/B, a) ^ {E/B,ao-f). 

1.2. The elliptic polylogarithm and the Eisenstein classes in mo- 
tivic cohomology. In this section we consider the situation where we have 
an elliptic curve vr : -E — > Af over the base scheme M. In the application 
this will be the universal elliptic curve over the moduli schemes M{N) or 
Afarith(-^)- We will use the elliptic polylogarithm in this situation to define 
Eisenstein classes in motivic cohomology. 

Let E^ = E X]\j ■ ■ ■ X]\j E he the /c-fold relative fiber product. On E^ we 
have an operation of the semi-direct product /i^ ^ of the fc-fold product 
of /i2 with the symmetric group in k letters on E^. Following SchoU [Schj, 
denote by e the character e: /i^ x ©'^ — /^2! which is the multiplication on 
fi2 and the sign-character on S'^. 

Let H^I{E'^, Q{k + l))(e) be the e-eigen part of the motivic cohomology 
group of H^l{E^,Q{k + 1)). If we suppose the existence of an adequate 
theory of motivic sheaves, then we would have 

H^;^J{E^Q{k + l)){e) = Hi,,{M,Sym'^je{l)) 

= Exti,,^„,(Q(0),Sym^jr(l)), 

where = M^7r*Q(l). Lacking such a theory, we will use the left hand side 
of the above equality to play the role of H^^^{M, Sym'^J^(l)). 

Recall from |BLj 6.4.3. that for each non-zero torsion point t € E[M) the 
motivic elliptic polylog gives a class 

t*po4tte<tt(^',Q(fc + !))(£)• 



Definition 1.1. Let ^ = ^ aft be a formal linear combination of non zero 
torsion sections t G £'tors(-^) with coefficients in at G Q, then we define the 
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motivic Eisenstein class to be 

Recall also from |BLj 1.3.13 that pol^^ is compatible with base change, 
hence the motivic Eisenstein class is also compatible with base change. 

Besides the motivic Eisenstein class we will use also realizations of the 
Eisenstein class in other cohomology theories. We intend no general theory, 
but make a simple definition in the cases of interest to us. 

Definition 1.2. Let ? = dR, rig, syn, et and consider the regulator map 

r, : H^,l{E\ Q{k + l))(e) - H^+^E^ Q{k + l))(e), 

then the image of Eis'^^{ip) under r? is called the Eisenstein class in 1- 
cohomology. 

1.3. The residues of the motivic Eisenstein classes at the cusps. To 

give explicit formulas for the Eisenstein class in de Rham cohomology we 
need a formula for the residues of these classes at the cusp. The easiest thing 
is to give this formula in motivic cohomology. Using the compatibility of the 
regulator with the residue map, gives then the formula in any cohomology 
theory we use. 

In this section we let iV > 3 and work with the r(A^)-moduli scheme 
M = M{N). The formula we are after is due to Beilinson and Levin |BLj 
2.4.7. We follow the exposition of [HKl] . 

Let M be the compactification of M and E the Neron model of E over 
M and E its connected component. Let Cusp = M \ M be the sub- 
scheme of cusps. The standard A^-gon over SpecZ[l/A^, ^jv] with level A^- 
structure Zi/N x Ij/N Gm x Z/iV via (a, 6) i-^ {Cn^^) defines a section 
oo: SpecZ[l/A^, ^at] — > Cusp. We have a diagram 

E — - — > E < -Ecusp 







TT 


TT 



M ■'' > M < Cusp . 

As in [HKl I 1.1. we define the /i2-torsor 

(3) Isom = Isom(Gm, E^^^p) 

on Cusp. Over oo, we have a canonical trivialization Isomoo = /U2.00 by the 
very definition of 00. 

As in loc. cit. the localization sequence induces a GL2(Z/A^)-equivariant 
map 

res'^: H!^,l{E\Q{k + l)){e) ^ if^„t(Isom, Q(0)), 
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the residue map. The image of res'^ hes in the (—1)'^ eigenspace of the 
//2-action. Let P := {(g i)} GL2, then 

Isom^ ]J SpecZ[l/Af,Cjv], 

P{Z/N)\GL2{Z/N) 

where id G GL2['L/N) corresponds to the section 1 G /U2,oo = Isonioo- The 
right action of GL2{'L/N) on M[N) extends to an action on Isom by right 
multiphcation on pIz/N) \ GL2I1./N). Still following [HKI] . we define 

(4) Q[Isom](^) = {h: GLiiZ/N) Q | h{ug) = h{g) for u G P{Z/N) 

and h{-idg) = {-lfh{g)} 

the space of formal linear combination of points of Isom on which ^2 operates 
by (—1)''. The group GL2{Z/N) acts on this space in the usual way from 
the left by gh{x) := h{xg). Obviously, we have 

if°„t(Isom,Q(0))(^) =Q[Isom]«. 

To compute the residue map for Eisenstein series, we need also 

C[{Z/NZf] := {ip : {Z/NZf C} 

the space of C- valued functions. We follow the convention in |HK2j and 
define the left GL2(Z/A^)-action by g(p{x) := ip{g~^x). From now on we use 
a to identify 

a : {Z/NZf ^ E[N] 

so that we consider functions in C[(Z/A^Z)^] as linear combinations of torsion 
sections. 

The calculation of the residues of the polylog may be formulated using 
the horospherical map. For this we need some notions about L- functions 
and finite Fourier transforms. We define, following |Ka3] and |HK2] . for any 

If G C[{Z/NZ)'^] two partial Fourier transforms 

(5) PMm, n) := ^ ip{v, n)e^''''^''l^ 



P2ip{m,n) := ip{m, v)e 



2mnv/N 



and the symplectic Fourier transform 

(6) ^(m,n) := l^^(^,^)e2-("'')/^. 

u,v 

We let Lp^{m,n) := ip{n,m) and one has the relations 

and P2(y*) = -Pl(v)*- I^o^' each if G C[{Z/NZ)'^] we also define its L-series 



(7) L{f,s):=Y, 



m>l 



L(P2M, l-k)= ^ ' '-L{ip, k). 
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This L-series converges for Res > 1 and has a meromorphic continuation to 
C, which satisfies the functional equation 

(-l)k2N''{k - 1)! 
(27ri)* 

Definition 1.3. The horospherical map is the GL2(^/-^)-equivariant map 

p*^: Q[(Z/iVZ)2] ^ Q[Isom](*^), 
which maps a function (p : {Z/NZf ^ Q to the function 



kl(k + 2) 

~^-L{Pi{g^),-k-l). 



NkV 

Here Bk+2{t2/]^) is the Bernouhi polynomial evaluated at the representative 
oit2/N G M/Z in [0, 1) and the last equation follows from |HK2] p. 333 using 
that Pi{g^) = P2{fp'). 

The following proposition is due to Beilinson-Levin and is crucial for 
the connection of the elliptic polylog to Eisenstein series. We consider the 
residue map as 



res':H'^thE'Mk + me) 



(k) 



Proposition 1.4 ([BL] 2.2.3., [HKT] C.1.1.). Let M = M{N), k > and 
If € Q[(Z/A^Z)^ \ {0}] considered as a formal linear combination of non-zero 
N -torsion sections with coefficients in Q. Then, for g £ GL2(Z/A^), 

res'=(Eis^+i(¥'))(5) = j^pH^M 
where is the horospherical map. 

Proof. This theorem is proved in |HK1] in etale cohomology. The above 
statement follows from the commutative diagram for the etale regulator 

H^+l{E^Q{k + me) <,,(Isom,Q(0))('=) 



and the fact that the right vertical arrow is an isomorphism (8iQ/. □ 

1.4. Eisenstein classes in de Rham cohomology. In this section we let 
M = M[N) and tt : E ^ M the universal elliptic curve. 

We define Jif to be the coherent module with connection on M defined 
as the higher direct image 
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with the Gauss-Manin connection V : — > ® usual we also 

define the coherent subsheaf of ^ 

(8) u; := 7r*il^yjy.f . 

Then the natural inclusion ^ Sym'^J^ defines a map 

r(M, w®'^ nlj) ^ Hl^{M, Sym^JT), 

whose image defines the first Hodge filtration on H^^iM , Sym'' M') . If 
the scheme M is M(N)q, the diagram ([2]) and the projector e define a 
localization sequence in de Rham cohomology: 

A standard argument with the Leray sequence and Kiinneth formula for de 
Rham cohomology gives the following. 

Lemma 1.5. For M = M{N)q, we have isomorphisms 
//OR(M,Sym'=jr(l)) - //dR(^')(e) 
iJ]R(M, Sym'=jr(l)) - H'^^\E''){e) 

and 

^dR(^Cusp)(e) = ^dV(feom)W. 

Remark 1.6. It is known that 

H^^{E>^){k){e) - i/OR(M, Sym'^JT) = 0. 

We will prove a version of this statement for rigid cohomology on the ordi- 
nary locus in 



We denote the resulting residue map 

res'^ : HI^{M , Sym'' {!)) //^^(Isom)^'') 

again by res'^. As a consequence, the regulator rjR from motivic to de Rham 
cohomology induces in the case where M = M{N)iq a commutative diagram 



(9) 



rdR 



Hl^{M, Sym'^J^il)) i70j^(Isom) 
Let us recall the definition of the Eisenstein class in de Rham cohomology: 

Definition 1.7. Let A: > and ip he a, formal linear combination of non- 
zero torsion sections with coefficients in Q. The de Rham Eisenstein class 
Eis^+2(99) G H\r{M, Sym'=^(l)) is the image of Eis^+t^((/?) under the regu- 
lator map 

rdR : H^tliE'Mk + IW) - H\^{Ad,Sym''je{l)). 
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In particular, the de Rham Eisenstein class Eis^j^ (93) lies in the zeroth 
step of the Hodge filtration 

(10) Eis^+2(^) g F°^]r(M, Sym^jr(l)) = T{M,ui^^ ® 
The formula in 11.41 gives: 

Corollary 1.8. Let M = M{N), k > and f e Q[{Z/NZf \ {0}]. Then 
the Eisenstein class in de Rham cohomology satisfies 

res'=(Eis^+2(^))(5) = -^.p'mg) 
for any g G GL2(Z/iV). 

2. Eisenstein class in syntomic cohomology 

2.1. Definition of the Eisenstein class. In this section, we define the 
Eisenstein class in syntomic cohomology. Suppose K \s a finite extension 
of Qp with ring of integers Ok^ and let Y = SpecOi^-. Then for any 
smooth scheme X over 1^, Amnon Besser defined the rigid syntomic group 
n) independent of any auxiliary data for X and a syntomic regulator 

map 

( |Besl| Theorem 7.5.) We will use the above regulator map to define the 
syntomic Eisenstein class. In what follows, we let K = Qp and Y = SpecZp. 

Let be an integer > 3 prime to p and M = M(N)zp the extension of 
M{N) to Zp. Furthermore, we let vr : £" ^ M be the universal elliptic curve 
over M, and we denote by the A;-fold fiber product of E over M. 

Definition 2.1. As in Definition 11.21 we define the syntomic Eisenstein 
class EiSgy'^^(99) to be the image by the syntomic regulator 

rsyn : H^^tol{E\ Q{k + 1))(6) ^ H^y^^\E' , k + 1)(6) 

of the motivic Eisenstein class Eis^^ ((/?). 

By construction ( |Besl| Theorem 7.5), the syntomic regulator map is 
compatible with the de Rham regulator map. Hence we have the following. 

Lemma 2.2. The syntomic Eisenstein class Eis^^ ((/?) maps to the de Rham 
Eisenstein class Eis^J^^((/?) through the boundary map 

(11) H^^nHE', k + 1)(6) ^ H^+HE^^){e). 

The purpose of this paper is to explicitly describe the syntomic Eisenstein 
class EiSgyj^{(p), restricted to the ordinary locus of M, in terms of p-adic 
Eisenstein series. We first describe H^-^[E^ ,k + l)(e) in terms of rigid 
syntomic cohomology with coefficients. 

The theory of rigid syntomic cohomology with coefficients was developed 
in |Balj . and a review of this theory is given in the Appendix of this paper. 
When the smooth '^-scheme X is part of a smooth pair ^ = {X,X), 
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then the syntomic cohomology of Besser corresponds to rigid syntomic with 
coefficients in Tate objects, and we have an isomorphism 

where the right hand side is rigid syntomic cohomology of ^ with coeffi- 
cients in the Tate object Qp{n). 

If we let M be a smooth compactification of M over Zp, then ^ = (M, M) 
is a smooth pair. We let E be the Neron model of E over M. Although E 
is not smooth over M, it is smooth over SpecZp. Hence (o = {E,E) is a 
smooth pair such that the morphism 

is proper and smooth. We let E := E Xjj ■ ■ ■ Xjj E be the A;-fold fiber 
product of E over M. This variety is not smooth over Zp when k > 1. We 
denote by E^ the Kuga-Sato variety, which is a canonical desingularization 
oiE defined in [DdT] and [Sch]. Then S''' = {E^,E^) is a smooth pair. 

Definition 2.3. We define to be the ffitered overconvergent F-isocrystal 

:= iiV*Qp(l) 

on where the higher direct image is defined as in Definition IA.8i 

Again as in Lemma 11.51 standard argument with the Leray sequence and 
Kunneth formula for de Rham and rigid cohomology gives the following. 

Lemma 2.4. We have isomorphisms 

i?°g(-^,Sym'=jr) ^ H^,^{<g^){k){e), 

i7Ag(^,Sym'=jr) ^ H^,l\S^){k){e), 

which are compatible with the Frobenius and the Hodge filtration. 

Remark 2.5. Implicit in Lemma 12.41 is the fact that the canonical map 

H^^j^i^, Sym^J^) ^ H^gi^, Sym^'JT) 

is an isomorphism for any integer m > 0. We also have 

i?S,(^,Sym^jr) ^ i/d"R(MQ„Sym'=jr), 

in other words, the de Rham cohomology may be calculated on Mq^. Hence- 
forth, we will freely use this fact. 

Since M is affine, by Remark I A. 101 there exists an overconvergent Frobe- 
nius (pM, and we may consider rigid syntomic cohomology with coefficients 
of We have the following. 

Proposition 2.6. We have canonical isomorphisms 

H^+\E',k + l){e) ^ H%,{y,H':,l\s\q,{k + l)){e)l 
^1 (^,Sym'=J^(l)) ^ i/O (r,ifi,(^,Syn/jr)(l)). 
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Proof. By |Besl| Remark 8.7.3 and the isomorphism of de Rham with rigid 
cohomology, we have a long exact sequence 

• • • ^ , Qp{k + 1))(6) ^ H^ylHE\ k + l)(e) 

^ F^H^+\^^qp{k + l))(e) ^ /^,'=+H^^Qp(A: + 1))(6) ^ • • • . 
The first map is obtained from the fact that 

H^^,{y,H^+\^',q,{k + me)) 

= ker (^F^H^+\^'',q^(k + l)){e)^H!^+\^\qp{k + l)){e)) , 

and we see from the construction that it is surjective. Similarly, we have an 
exact sequence 

^ H^y^ir, i70g(^, Sym^^)(l)) ^ H^y^{^, Sym'=^(l)) 

H^y^ir, H^,^i^, Sym^jr)(l)) ^ 0, 

and the second map is given by the surjection. The maps are isomorphisms 
since we have 

Hrig{^^){k){e) = Hl!i^i^, Sym^^) = 

from Remark 11.61 and the fact that rigid cohomology is isomorphic to de 
Rham cohomology in our case. □ 

Definition 2.7. We define 

(12) H^ytHE'^, k + 1)(6) ^ ifsVn(^, Sym'=Jf'(l)) 

to be the isomorphism making the diagram 

Htyt\E^k + l){e) H^y^{y,H^+\<^^q,{k + l)){e)) 



H^y^{^,SymK^{l)) ifOy„(r,i?ig(^,Sym^J^)(l)) 

commutative, where the horizontal maps are the canonical isomorphisms of 
Proposition 12.61 and the right vertical isomorphism is induced from Lemma 
12.41 It is canonical in a sense that it is the composition of canonical maps. 

Definition 2.8. We denote again by EiSg-^^((/j) the element 

Eis,^+2(^) ^ i/iyn(^,Sym'=^(l)) 

which is defined to be the image of the syntomic Eisenstein class of Definition 
12.11 with respect to the canonical isomorphism of (112|) . 

The syntomic Eisenstein class may be characterized as follows. 
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Proposition 2.9. The syntomic Eisenstein class EiSgj^^((/?) is characterized 
as the unique element in Hl^^{^ ,SYva^J^{\)) which maps to 

through the boundary map 

Proof. The fact that the syntomic Eisenstein class maps to the de Rham 
class follows from Lemma 12.21 and the fact that the diagram 



i?,%(r,i/ig(^,Sym'=jr(l))) > i/ij,(MQ^,Sym'=jr) 

is commutative. Here the first vertical map is induced from the isomorphism 
of Proposition 12.41 and the second vertical isomorphism is given by Lemma 
II. 5i The boundary map is defined to be the composition 

H^^,{^,Sym^Jif{l)) ^ i/fy,(r,ifAg(^,Sym^jr(l))) 

hence it is injective. This proves the uniqueness of our class. □ 

In this paper, we will mainly be interested in the restriction of the Eisen- 
stein class to the ordinary part of the modular curve. We denote by M"""^ 
the open subscheme of M = M{N)i^ obtained by removing the zero of the 
Eisenstein series 

Ep^i G r(M,cj®(f-^)) 

of weight p-l. We let ^^'^ be the smooth pair ^^^^ = (M™'^, M). The 
overconvergent Frobenius (p^^ on ^ induces an overconvergent Frobenius 
for ^^'^j and the inclusion ^^'^ ^ ^ is compatible with the action of 
this Frobenius. We have a pullback map for rigid syntomic cohomology 

Hly,{J^,SyuiK^{l)) ^ i?iyn(^°''^Sym'=^(l)), 
and we denote again by EiSs-^^((/9) the pull back 



Eis3V,2(^) ^ i/iyJ^™d,Sym'=jr(l)) 



of YjIs^^^ {ip) by this map. We will explicitly describe this cohomology class 
in terms of p-a.d\c Eisenstein series. 
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2.2. Characterization of the syntomic Eisenstein class. In this sec- 
tion, we prove that unUke the de Rham case, the syntomic Eisenstein class 
is uniquely characterized by its residue. The result of this section will not 
be used in the proof of our main theorem. We first define the residue mor- 
phism for rigid cohomology (with filtration) by pasting together de Rham 
and rigid cohomology We let -Ecusp ~ \ ^''^ which is smooth over Zp, 

and consider the pairs S"^ = {E^ , E^) and <^cusp — (-^Cusp' -^Cusp)- Then we 
have morphisms of smooth pairs 



^gk^ )4^^p. 

By taking the Gysin exact sequence of rigid cohomology with trivial coeffi- 
cients and then taking the projector e, we have an exact sequence 

(13) ^ H^-+\S^){k + l)(e) - H'^+\S')[k + l)(e) ^ i?,%(4..p)(e) - 0. 
We have a canonical isomorphism 

^°ig(^Cu.p)(e)^^rig(Isom)(^'). 

As in the de Rham case, we define the residue morphism res'' to be the map 
making the following diagram commutative. 

H';,l\S^){k + l){e) ^ i/°g(4usp)(^) 



Fig(^,Sym''^)(l) FOg(Isom)W. 

It is known that the action of the Frobenius on H^^^{S'^){k + 1) is of pure 
weight —k — 1, hence we have 

H^yA'^,H^r^\j'){k + l){e)) = 0. 

Using the fact that H^^^ilsom)'^'''^ = i^°yn('^, H^igijsom)'^'''^), the above result 
and (jl3p shows that the residue morphism gives an isomorphism 



(14) i/3%(r,ifig(^,Sym'=^)(l)) ^ if3%(Isom)W. 
Definition 2.10. We define the residue map for syntomic cohomology 

(15) res^y, : H^^^i^, Sym^J^(l)) ^ i/,%(Isom)('') 
to be the isomorphism obtained as the composition of 

if,Vn(-^,Sym'=^(l)) ^ if3%(r,i^rig(^,Sym'=^(l))) 

with ([ir 



Using this map, we may now characterize the syntomic Eisenstein class 
by its residue. 
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Proposition 2.11. The syntomic Eisenstein class 
is characterized as the unique element which satisfies 

where reSgyjj is the syntomic residue morphism (jl5p . 
Proof. We have a commutative diagram 

i73%(r,i7ig(^,Sym'=jr(l))) <n(Isom) 



where the vertical maps are the natural injection. The calculation of residue 
follows from Proposition 12.9^ which asserts that the image of EiSgj^^((/3) in 
i?^j^(MQp, Sym'^^) is equal to the de Rham Eisenstein class Eis'^^^{if), 
and the calculation in Corollary 11.81 of the de Rham Eisenstein class. The 
uniqueness follows since res^y^ is isomorphism. □ 

3. Explicit formulas 

In this section we relate the Eisenstein classes of section 11.71 to the Eisen- 
stein series considered by Katz in [Ka3j . We use the comparison theorem of 
Beilinson-Levin II. 4[ 



3.1. Modular forms. Let us assume that > 3, so that the r(iV)''"*^- 
and the r(A^)-moduli problems are representable. Recall that we defined in 
([8]) the coherent sheaf 

a; := tt^:^}^^j^ 
on M = M{N) or M = M^nthiN). 

Definition 3.1. Let A; G Z. A modular form F of weight k+2 on M = M{N) 
or M = Marith(-/V) is a global section 

F e T{M,u/^''+^). 
Using the Kodaira- Spencer isomorphism 

we can identify the space of modular forms of weight k + 2 

In particular, using 

r(M, w®'^ ® nil) = F^Hl^i^, Sym'=jr(l)) 
we may consider the modular forms of weight A: + 2 as elements in 

Hl^{M,Syin^^{l)). 
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Finally, we note that the right action of GL2(Z/A^Z) on M(N) induces a 
left action of 5 G GL2{Z/NZ) on F £ r{M{N),u/^'' ® Q]^) by pull-back: 

F ^ g*F. 

3.2. The g-expansion principle. Consider the Tate curve 

(Tate (g^), Wean, /3can) 

with its canonical invariant differential Wcan and its canonical r(A^)^'''*^-level 
structure /?can over Z((g)) (see |Ka3] 2.2). For > 3, we get a map 

The differential tOcnn provides a basis of t^^ui over Z((g)) and hence an iden- 
tification 

r(SpecZ((g)),4a;«^)-Z(((/)). 
Using the compatibility with base change we also get 

r(Spec (z[i/iv, c^] 0z mq))), C^""") = nVN, Cn] ®z 

Note that Z[l/iV,Civ] ®zZ((g)) C Z[l/iV, Ctv] ((<?)) 
Definition 3.2. The q-expansion homoniorphism is the map 

In the same way we get a g-expansion map 

q^ : r(M(iV),^«'=+2) ^ z[l/iV,Cjv]((g)) 
F ^ iloF 

Note that the base change map T{M^,;t\,{N),LO®''+'^) T{M{N),lo®''+'^) 
is injective and that we have a commutative diagram 

r(Marith(iv),u^^'=+') nm 

(16) 

r(M(iV),a;«fc+2) Z[l/Ar,CA.](((z)). 

Theorem 3.3 (g-expansion principle). For a fixed weight A; -|- 2 > the 

homomorphisms q^o are injective: 

Qoo : r(iV4Hth(A^),^®'+') Z((g)) 

and 

: r(M(iV),u;«^+2) ^ z[l/iV, C^]((g)). 
For a proof see |Kal| Corollary 1.6.2. 
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3.3. Eisenstein series. Let 

Q[(Z/iVZ)2] := {(^ : {Z/NZf Q} 

be the space of Q- valued functions on (Z/A^Z)^. We want to define explicitly 
Eisenstein series on M{N). For this we consider M{N) over SpecQ and 
writing down Eisenstein series on M{N){G). Then we use the q-expansion 
principle to show that these Eisenstein series are in fact defined over Q and 
that they are in fact already modular forms on Marith(-^)- Note that we can 
parametrize as in |HK2j section 7 

M(iV)(C) = SL2(Z)\(i: X GL2(Z/iV)). 

A neighborhood around the cusps is then given by 

±[/(Z)\(f) X GL2(Z/7V)) ^ X (±[/(Z/iV)\GL2(Z/iV)) , 

where ±[7 := <|ib ''^^^^ map is given by (r, g) i— > {e^'^^'^/^ ,g). 

The cusp oo corresponds in this description to the coset of id. 

We are going to define certain holomorphic Eisenstein series £'^+2,0,73- 
These will be used to express EisjJ^^(y5) explicitly and are essentially the 
Eisenstein series used by Katz to define his p-adic measure. 

Definition 3.4. Let A; > 1 and 93 e Q[(Z/iVZ)2]. Define a holomorphic 
Eisenstein series on M(iV)(C) by the formula 

(-l)*^+2iV'^+2(A; + 1)! ^ g^{m,n) 

^ ' (m,n)eZ2\(0,0) ^ ' 

where r is the coordinate in the upper half plane and 5^ the symplectic 
Fourier transform introduced in ([6]). 

Lemma 3.5. Consider the Eisenstein series Gfc+2,0,/ on -Marith(-^) for f G 
Q[{Z/NZf] defined in Katz [Ka3] 3.6.9. If one identifies Ms,nth{N){C) with 
the component of g ^ GL2(^/N) in M{N){C), one gets 

Ek+2fl,ip{'T,g) = G'fe+2,0,Pi(g^)('^)> 

where Pi{'gip) is the composition of the Fourier transforms defined in ([5]) 
and ([6|) for gip. 

Proof. This follows directly from the definition. □ 
To define the Eisenstein measure later, we need to know the g-expansion 

of Ek+2,0,ip- 

Lemma 3.6. Let k > 1 and cp G Q[{Z/NZ)'^]. Then the q-expansion of 
Ek+2,o,ip o,t the cusp g G GL2(Z/A^) is given by 

(17) h (-1 - k, Piig^m m) - (-l)'=+iPi(<7(/^)(0, -m)) 

+ E {d''^'Pii9^){d',d)-i-d)>'+'Piig^){-d',-d)). 

n>0 n=dd' 
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Proof. For the computation at the cusp id = oo, see for example |Ka3| 3.2.5. 
For the general case, we use that Ek+2,o,!piT, g) = -£'fc+2,o,gi/?(''"5 id). □ 

If G Q[(Z/A^Z)^] this g'-expansion has coefficients in Q and the q- 
expansion principle, ([TB]) and 13.31 allow us to conclude: 

Proposition 3.7 (g-expansion of Eisenstein series |Ka3j 3.6.9.). Let k>l 

and if € Q[(Z/A^Z)^]. Then there are modular forms of weight k + 2 

i?fc+2,0,^Gr(M(iV)Q,^®'=+2) 

called Eisenstein series of weight k + 2, whose q-expansion on the component 
g € GL2(Z/A^) is given by ([1] 



3.4. Determination of the de Rham Eisenstein class. We will deter- 
mine in this paragraph the exact relation between the the Eisenstein series 
Ek+2,o,ip and the de Rham Eisenstein class Eis^^^ ((/?). 

Consider the Eisenstein series -E'fe+2,o,7P form the section 
^ dq 

Ek+2fi,w — A dzi A . . . A dZfc 

of r(M(A^)Q, Vt^ ®u^^). Using the Kodaira-Spencer isomorphism = a;®^ 
one can consider this also as a section of 1^^+"^, 

Proposition 3.8. The Eisenstein class in de Rham cohomology Eis^p^^(99) 
is given by 

(18) Eis^R^lv?) = ^fc+i^| ^fc+2,o,yY ^dziA...Adzk. 

Proof. Using |Bei] 2.1.3. and the explicit formula in |HK2j p. 329 top, the 
section 

7e±;7(z)\si2(z) ^ ' ^ 
of T{M{N)q, u;*^^) has residue p{ip) and represents the de Rham real- 
ization of the Eisenstein symbol. On the other hand Eisj^^((/5) is a multiple 
of the Eisenstein symbol and has residue j^^p{ip) following 11.81 Thus, 
_jyfc-igjgfc+2|'^-j is the Eisenstein symbol. Using the definition of p{ip) one 
computes (see |HK2j p. 334 bottom) that the Eisenstein symbol is in fact 

(-l)'=+iiV^(A;-M) ^-^ (^)(m,n) 



E 



(2vri)fe+2 (m + nT)'=+2' 

which is ■j^^Ek+2,o,ip by inspection. Putting everything together gives the 
desired result. □ 

4. SyNTOMIC CLASS IN THE ORDINARY LOCUS 

In this section, we give a characterization of the restriction of the syntomic 
Eisenstein class to the ordinary locus. 
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4.1. Characterization of the ordinary class. We denote again by M°'^*^ 
the open subscheme of M = M(N)zp obtained by removing the zero of 
the Eisenstein series Ep_i € r(M, and we let ^"""^ = {M°''^,M). 

The main result of this paper is the exphcit description of the syntomic 
Eisenstein class on the ordinary locus 

Eis^+2(^) ^ i?iyJ^-^Sym^jr(l)). 

It is again characterized as in Proposition 12.91 by the de Rham class as 
fohows. 

Proposition 4.1. The syntomic Eisenstein class Eis^y^{(f) restricted to the 
ordinary locus is the unique class in H^yn{^°"^,Sjm''Jif{l)) which maps to 
the de Rham class 

with respect to the boundary map 

Proof. The fact that the syntomic class maps to the de Rham class follows 
from Proposition 12.91 and the fact that the following diagram 

if,V,(^,Sym^jr(l)) > H\^{MQp,Sym^J^) 



^syn(^°'''*>Sym^Jf (1)) > Hl^{^°"^,Sjm''J^) 

is commutative, where the vertical maps are the pullbacks. The boundary 
map is define as the composition of the surjection in the short exact sequence 

^ i/iynC^'^rig(-^°'^^Sym'=jr(l))) ^ i/iyJ^-^Sym'=J^(l)) 

^ i7,%(r,i/,?ig(^-^Sym^'jr(l))) ^ 

and the injection 

^syn(^,^rig(^°''^Sym'=Jf'(l))) ^ hI^{J^°'^ ,Sym^ J^) . 

By Lemma 14.21 below, the boundary map in injective. Thus we have the 
uniqueness. □ 

What now remains for the proof of Proposition HT] is the following lemma. 

Lemma 4.2. We have if°g(.^™^, Sym'=^(l)) = 0. 

The proof of this lemma will be given in §4.41 The advantage of consid- 
ering over ^ is that it is equipped with an overconvergent Frobenius 
which has a natural interpretation in terms of the moduli problem. We 
now proceed to describe this Frobenius. First, let M'^^^^-^ be the open sub- 
scheme of Marith := -^^arith(-^) obtained by removing the zero of -Bp-i G 
r(Marith,w®(P-^)), and denote by A4°jfth the formal completion of M™^^ 
with respect to the special fiber. This scheme parameterizes isomorphism 
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classes of r(iV)'^"*'^ elliptic curves {E, 13) over Zp such that E is ordinary, in 
other words, the Hasse invariant of E is one. The lifting of the kernel of the 
absolute Frobenius of the special fiber gives a subgroup H E of order p. 
The correspondence 

{E,P)^{E/H,P'), 

where f5' is defined as the composition fi^ x Z/N E ^ E/H defines a 
morphism of moduli spaces 

(19) Frob : M^L - M^L 

over Zp. Denote by -MarithQp rigid analytic space over Qp associated to 
the formal scheme A^^rith- |Kalj Theorem 3.1, the construction of H is 
known to extend to a certain strict neighborhood U of -MarlthQp ™ -^Qp' 
Hence Frob also extends to this strict neighborhood, implying that Frob is 
in fact overconvergent in the sense of Definition IA.9[ 

Let A4°'^'^ be the formal completion of M°^'^ with respect to the special 
fiber. Then we define (jyj^ord : M°^'^ M"^'^ to be the Frobenius on M°^'^ 
defined as the tensor product 

(20) (^A^^d := Frob (8) cr 

through the isomorphism = A^arith "^pICn], where Frob is as above 

and a is the canonical Frobenius on Zp[(^Ar] lifting the absolute Frobenius of 
the special fiber. This gives a lifting of the absolute Frobenius of the special 
fiber of A4°'^'^, and since Frob is overconvergent, (pj^ord is also overconvergent. 



4.2. Moduli space of trivialized elliptic curves. The difficulty in ex- 
plicitly describing the cohomology of Sjm'^Jif stems from the fact that Jif 
is only locally free and does not have a free basis over -Mq^- We introduce 

here a certain p-adic universal covering over -Mq^ such that the pull-back 
of to this covering is free. 

Suppose is a p-adic ring, i.e., a ring which is complete and separated in 
the p-adic topology. A trivialized elliptic curve {E/B,rj) is a pair consisting 
of an elliptic curve E/B together with an isomorphism of formal groups 

V-E^G.m 

over B. Let A'^ > 3 be an integer prime to p. We let 

A4arith := M(roo(p°°) n r(A^)^"*'^)zp, 

which parameterizes the isomorphism class of trivialized elliptic curves over 
Zp with r(A^)^"*''-structure. This is an affine scheme, and since any trivial- 
ized E/B is ordinary, A^arith is a covering of Alarith- We let 

y(Zp,r(Ar)-"*'^) :=r(AJarith,Orf )■ 
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An element F E V^Zp, r(A^)^'''*'^) is called a generalized p-adic modular form. 
For any j5-adic ring B the above functor restricted to B is represented by 

V{B,T{Nr''^) := V{Zp,r{Nr''^) B. 

We let G{N) := x (Z/iVZ)^. Then the group G{N) acts on F G 
y(B,r(iV)^"*^) by the formula 

[a, b]F{E, T], P) := F{E, a~\, /3 o (6, b~^)). 

Let X ■ G{N) — > B^ be a continuous character. We say that an element 
F e y(S,r(iV)^"*'^) is of weight x, if 

[a,b]F = x{a,b)F 

for all {a,b) E G{N). If x is of the form XfcPi where /9 is a character of 
finite order on G{N) and Xk{o,,b) = a^, then one calls F of weight /c and 
Nebentypus p. 

A trivialization tj : E = Gm induces a differential LOrj on E by pulling back 
the standard differential dT/{l + T) on Gm. This differential r]*{dT/ (1 + T)) 
is necessarily the restriction of a differential uj^j on E. If B/Zp is flat, then 
conversely the trivialization is uniquely determined by w^. For this let u be 
a formal parameter for E and integrate formally over i?(8>Q, i.e., writing 

= d^{u) with ^'(u) = Yln>i with '^n ^ B(S)Q. Then u i-^ exp(^'(n)) 
gives the trivialization r]. This construction 

{E,r],(3) ^ {E,rj*{dT/{l + T)),P) 

induces a homomorphism 

(21) r(M,rith(iV),^®'+') - ViZp,T{Nr''') 

F^F 

where F{E,r],j3) := F{E,if {dT / {1 + T)),j3). Thus a modular form in the 
usual sense naturally gives a generalized p-adic modular form. We define 
a graded subring GV {'Lp,T{NY"^^) C V{'Lp,T{NY"^^). We say that F G 
Gy'=(Zp,r(iV)'^"ti^) iff for all a G Z^, we have 

[a, 1]F = a^F. 

Finally note that we have a g-expansion principle. The Tate curve 

(Tate (g^), Wean, ^can) 

viewed over Zp{{q)), the p-adic completion of Zp{{q)), has a canonical trivi- 
alization by noting that its formal group is by construction Gm- Evaluation 
at Tate(g^) then defines an injective g-expansion map 

qoo:V{B,T{Nr'''')^B{iqj). 

by construction this gr-expansion is compatible with the g-expansion for 
r(Marith(iV),u;^'=+'). 
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Similarly, we let 

7W = M(roo(p°°)nr(iV))2;^, 

which parameterizes the isomorphism class of trivialized elliptic curves over 
Zp with a r(A^)-structure. Note that we have an isomorphism 

(22) M^M,,ith®z,^p[CN]- 

We let V{Zp,T{N)) := T{M, Oj^). Then the isomorphism ([22]) implies that 

v{Zp,T{N)) = y(Zp,r(iv)^"t^) Zp[C^]. 

4.3. The Probenius and the Gauss-^anin connection. We first de- 
scribe the Frobenius Frob and 0^ on Alarith and ^A lifting the Frobenius 
Frob and (j^j^oid on A^°rith M"^'^- Then we discuss the Frobenius and 
the Gauss-Manin connection on J^. 

Let {E, 77, (j) be a trivialized r(Ar)arith_g|j-p^-p 

curve. Define 

E' ■.= E/r]-\fMp) 

and let TT : E ^ E' be the canonical map. Then tt* : E' ^ E is etale and 
we define ry' := 77 o vr*. As usual a r(A^)'^'''*'^-structure /3 on E gives rise to 
a r(iV)''"*''-structure (3' on ^' (see (Ka3] 5.5.0.) We define the Frobenius 
endomorphism 

Frob : -M arith ^ arith 

to be the morphism induced from {E,rj,f3) 1— > (E' ,rj' , (3'). This morphism 
naturally lifts the Frobenius morphism (I19p . and induces the morphism 
Frob : V{B,T{N)''"^^) V{B,T{N)''"^^) on the global section of M given 
by 

FvohF{E,r],l3) := F{E' ,7]' , /]'). 

As Frob(Tate(q'^),u;can,/3can) = (Tate(g^^), c^ can, /3c an) the effect on the q- 
expansion is Frob-F(q) = F{q^). Note finally ( |Ka3j 5.5.8.) that Frob com- 
mutes with the action of G{N). For the case of full level A^-structure, the 
Frobenius 

(23) cl)j^:M^M 

on = Alarith (^Zp "^pICn] - is given as the tensor product cpj^ := Frob (8) cr, 
where Frob is as above and a is the Frobenius on Zp[C7v]. 

For each A > 3 one can define a derivation A^^ : V{Zp,r{N)''"^^) 
y(Zp, r(A)^"*'^) by using the square of the canonical form r]*{dT/{l + T)) 
and the Kodaira-Spencer isomorphism w®^ = ~ to define a global 

section of , . The derivation NO is then the dual of this global 

section. We recall from |Ka3| 5.8.1. the main property NO. The following 



22 



KENICHI BANNAI AND GUIDO KINGS 



diagram commutes 
(24) loo 



Mio)) mo))- 

Moreover, for (a, b) G G{N) one has 

[a,6] o = a^AT^o [a,6]. 

The same derivation is defined also for V{7jp,r{N)). 

We now consider the filtered overconvergent Frobenius isocrystal on 
Mq^. Let := i?^7r*Qp(l) as in Definition ESI and we denote by ^the 

pull back of to Mq^,- We now explicitly calculate the Frobenius and the 

Gauss-Manin connection on 

We denote by E the universal elliptic curve over Ai. Then this curves 
has a universal trivialization 

over Ai which gives rise to a canonical section lo of oj, characterized by the 
property that uj restricts to r]*{dT/{l + T)) on Gm- On the Tate module, 
UJ coincides with the canonical differential Wcan in tbe usual sense. Since 
the scheme Ai is affine, we may take sections x and y on E such that E is 
defined by the Weierstrass equation 

^ : y2 = - g2X - g^, g2,gz^ ^(Zp, r(iV)^"*^^) 

and u) = dx/y. We let rj := xdx/y. Then {cD,rji} form a basis of . This 
choice gives a splitting 

By |Kal] Lemma (A2.1), the Frobenius on this module acts as 



r]) \ c XJ \rj 



for some A invertible in V{'Zp,T{N)). By looking at the Frobenius action 
given in |Kalj (A2.2.6) of the restriction of this module to the cusp (which 
amounts to looking at the g-expansion) , we see that in fact A = 1 in a 
neighborhood of the cusp, hence globally due to the q'-expansion principle. 

By a theorem due to Dwork (see [Kal] Theorem A2.3.6), there exists a 
Frobenius compatible splitting 



^ ^ ^ ^ tj-i ^ 0. 

The image u of the basis rj is a horizontal section of Jif, stable by the 
Frobenius The section u generates the unit root part U of J^. Using 
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this basis, we see that the Frobenius on acts as 

We denote by the differential form in 17 ~, which corresponds to w®^ 

through the Kodaira-Spencer isomorphism u;®^ = 17— . This ^ is the dual 

basis of the differential operator N9 given above. If we express the Gauss- 
Manin connection using the basis {liJ,u}, we have 

for some 2 x 2-matrix A whose components are in V{'Qp,T{N)). Then we 
see by looking near the cusps that 



A 



1 




Again by the g-expansion principle, this holds globally. Hence we have 
V(t!;) = S (8) ^ and V(S) = 0. The dual basis 5^, of cj, u gives a basis of 
J^f, and the connection is given by V(S;^) = and V(n^) = 5^. 

4.4. Calculation of Cohomology. We now give a proof of Lemma 14.21 

Proof of Lemma\4^ Consider a class a e i7°ig(^°'''^, Sym'^Jf (1)). Since 
M^^"^ is affine, by definition of rigid cohomology, it is represented by a section 

aGr(M^f,itSyn/'^) 

such that V(a) = 0, where is the rigid analytic space associated to 

If we let M.'^^'^ be the formal completion of M°'''^ with respect to 
the special fiber and M.'^^ the rigid analytic space over Qp associated to 
then we may regard a as an element in T{M°^'^, Sym'^J^) through 
the natural injection 

r(M^;^jtSym'=jr) ^ r(>I^;^Sym^^^). 

Furthermore, Mq^ is defined over Mq'^, and we have a commutative dia- 
gram 

r{M°^f,Sym^J^) r(7WQ^,Sym'=^) 



V 



V 



By consideration of the previous section, the module Sym'^.y^ has a basis 
consisting of a;^"n^''~" for < n < k. If we denote by a the image of a in 
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ip, Sym'^J^), then it is of the form 



k 
n=0 

for some functions c„ € V{Qp,T{N)). Since V(a) = 0, we have V(5!) = 0. 
Hence we have 

(k k \ 

^{k -n + l)c„„iS^"5^'=-" + iV^(cn)w^"2^'=-" (g) e 
n=l n=0 / 

= 0. 

This gives the differential equations N9{co) = and 

Ne{cn) = -ik-n + l)cn-i 

for 1 < n < k. By (j24p . the differential operator acts as q{d/dq) on the 
g-expansion. Hence the fact that N6{cq) = implies that cq is constant. Fur- 
thermore, since the constant term of N9{ci) with respect to the g-expansion 
must be zero, the equation N6{ci) = —kcQ implies that both sides of this 
equation must be zero. Hence we see that cq = and ci is constant. By con- 
tinuing this argument for 1 < n < k, we see that cq = ci = • • • = Ck-i = 
and Cfc is constant. Hence we have 

for some constant E Qp. Finally, since 5 is the image of an element 
a € r(7V4Q^, Sym'^J^), it must be invariant under the action of [a, 1] for 
any a € . Hence 

[a, 1]*5 = [a, l]*(cfc5^*^) = a-'^CfcC^^^ = 5 = c^S^^ 

for any a € . This implies that Cfc = 0, hence 5 = 0. This proves that 
a = as desired. □ 



5. p-ADIC ElSENSTEIN SERIES AND THE SYNTOMIC CLASS 

In this section, we introduce the p-adic Eisenstein series and prove our 
main theorem. We first start with a review of p-adic modular forms. 

5.1. p-adic modular forms. In this section, we define a modified version 
of Katz measure which will be used to construct p-adic Eisenstein series of 
negative weights. We first review the definition of p-adic modular forms 
^k,rj defined by Katz. 

Definition 5.1. We define the p-adic modular form ^k,r,f as the p-adic 
modular form in y(Zp, r(iV)^"*'^) O Qp defined in [Ki[3] Lemma 5.11.4. 
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By definition, we have 

By |Ka3| Lemma 5.11.0, Definition 5.11.2 and Lemma 5.11.4, this function 
is known to satisfy the q-expansion 

2$fc,o,/ = L{-k,f{m,0) - (-l)V(-m,0)) 

+ E E (^'/('^' d') - (-rf) -d')] 

n>0 dd'\n 

for k > 2 and 

n>0 dd'\n 

iir,k> 1. 



Proposition 5.2. We fix an integer k > 0. For r > and functions 
f : {Z/Nf ^ Zp, we let 

Then there exists a measure I-l^^ on TLp x {Z/NY whose moments are given 
by 

(25) / //(n,t;)d/i^+^ = 2cl>g 

for anyr>0 and f : {Z/Nf Zp. 

Proof. We use the integrahty criterion for p-adic measures |Ka3] Lemma 
6.0.9. By calculation of the g-expansion and our choice of k, the constant 
term of ^k+i,rj is zero unless r = 0. Again by calculation of the g-expansion, 
we see that the constant term of ^k+i,r,f{u,v) is equal to the constant term 

of Frob($fc+L ,rj(u,pv)): which implies that the constant term of $2+ir/ 
zero for any r > 0. As in the proof of |Ka3j Theorem 6.1.1, the integrality 
of the other terms of the g-expansion may be seen as follows. If we write 
(r) ~ Z^m=o '^("'' ^)^"^ then the g-expansion of 



,{P) 
m=0 

is given by 

-d' 



/(d,d')-Mr+M ]f{-d,-d') 



e«"e(^^"^(0- 

n>0 dd'\n ^ ^ ^ 

Y^r^ (d^^^(pf)fid,pd') - {-dr'(-f')fi-d,-pd')) . 



n>0 dd'\n 
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Hence we see that T,m=ocim,r)2<P^^\_^^j is integral in y(Zp, r(A^)^"*'^). 
By |Ka3] Lemma 6.0.9, this imphes that (j25p defines a p-adic measure on 
Zp X (Z/iV)2 with values in V{Zp,r{NY"^^). □ 

Remark 5.3. Let (a, 6) be an element in G{N) := x (Z/iV)^. In [K^ 

Theorem 6.1.1, Katz defined a p-adic measure //^'^^ on Z^x (Z/A^)^ satisfying 
the interpolation property 

[ x'^y'^dfi^f^ = 2$fc,,j - 2 [a, 

Jz1,x{Z/N)2 

where [a, 6] denotes the action of G{N) on y(Zp, r(iV)'^"*'^) given in [Ka3] 
5.3.2. The relation of our measure /^^^ to /xj^'''^ is given by the formula 

(1 - [a,b]) [ ^{y)d^^'}+' = [ x''+'i^{y)dfi^^''\ 



5.2. Eisenstein series of negative weight. Using the measure /^^^ de- 
fined in the previous section, we define the p-adic Eisenstein series of negative 
weight. The following result is important in defining such Eisenstein series. 

Lemma 5.4. The measure fi'p'^ defined in Proposition 15.^1 has support on 
Z^ X (Z/iV)2. 

Proof. We prove that 

ijiy)f{u,v)dfi%+' =0 

ZpX{Z/Nf 

for any continuous function il) : Zp ^ Zp and / : (Z/A^)^ Zp. By 
continuity, the g-expansion of x(z/Af)2 V'(y)/(^^i is given by 

E {d''^^i^{d')f{d,d') - {-d)^+^i;i-d')fi-d,-d') 

n>0 dd'\n 

- E 9"" E {d'^'Hpd')fid,pd') - {-d)^^^^{-pd')f{-d, -pd') 

n>0 dd'\n 

Note that we have 

/ ^(y)/(n,7;)d/i^+i = - 5^ / Cp"V'(y)/(n, 

JpZpX{Z/N)^ P JZpX{Z/N)^ 

where (p is a primitive p-th root of unity. By applying the g-expansion 
formula to the function ip{y) = CpV'(y) and noting that Yl(p Cp = P is p\y 
and = otherwise, we see by calculating the g-expansion that the right hand 
side of the above equality is zero. Hence we have our assertion. □ 

Using the above fact, we define the p-adic Eisenstein series for 
k > and r < as follows. 
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Definition 5.5. For any integers k > and r € Z, we define the p-adic 

(p) 

Eisenstein series ^j^^i ^ j to be tlie p-adic modular form sucli that 

- / y'-f{u,v)df,%+^ 

in F(Zp,r(A^)^"'^^). 

Recall Lemma [331 that the Eisenstein series Ek+2,o,ip is related to Gk,oj 
through the formula 

(p) 

We define a p-adic version Ejf^^ rip^ follows. 

Definition 5.6. For any integers k, r such that A: > and Lp : (Z/A^)^ —>■ Z,p, 
we define the p-adic Eisenstein- Kronecker series E^^^ Tip to be the p-adic 
modular form in V{'Lp,T{N)) given by 

on the component for g G GL2{'L/N). 

From the definition, we have the following. 
Lemma 5.7. For any integer k > 0, we have 



E\ 



where 



M 



Frob ® a is the Frohenius on M of (p3 



Proof. We have a{gip){m,n) = \p]gip{m,n) = gip{p ^m,n). Hence 
(y{Pi{9^)){m,n) = — ^a{gip){v,n)ex.p 



— ^5(/9(u',n)exp 



N 

2'Kivm 
N 

2Triv'{pm) 
N 



where we have used the change of variables v = pv' in TLjN . Since Pi{gip) 
{Pi{gip)Y, we have 

(^{Pi{9^)){'m,n) = Pi{g0){m,pn). 

This implies that 



Frob {^k+l,0,Pi{g^){u,pv)) 

= (1 - 0*)$fc+l,o,Pi(3^5)- 



Our assertion now follows from the fact that E 

Ek+2,0,ip{g) = Gk+2,0,Pi(ff) = *^fc+l,0,Pi(3^)- 



(p) 

k+2,0,ip 



(5) = $ 



(p) 

fc+l,0,Pi(9?) 



and 

□ 
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Lemma 5.8. Suppose k is an integer > 0. Thep-adic Eisenstein-Kronecker 

(p) 

series -£^^^2 r satisfy the differential equation 



dq) *^+2.'^-'V- ~ -^fc+2+l,r+l,vJ- 
Proof. By continuity, the g-expansion of '^E^k+2,r,vi9) = '^^k'+i,r,Piifp) 
Y^q" ^ {d'+'d'^P^{glp)id,d') - {-d)'^+\-drPl{mi-d,-d')) 

n>0 dd'\n 

' E 9''" E (d'+'ipd'TPiiavMpd') - {-df+\-pdrPim{-d. ^pd')) . 

n>0 dd'\n 

Our assertion follows by direct calculation. □ 
5.3. The syntomic class. We next determine the section 

giving the syntomic Eisenstein class Yj\s^^^{lp). By definition, oi^^{lp) is an 
element satisfying the differential equation 

(26) V(4+2(^))^(i_^)Eis^+2(^)_ 

In order to describe a^^{ip) explicitly, we consider its image with respect 
to the natural injection 

r(ATQ^,Sym*^jrrig) := T{Mq^, j^Sym' J^) ^ r(>fQ^, Sym^^). 

Definition 5.9. We define the element ct^l^{ip) G T{MQ^,'&yxii^ ^) by the 
formula 



k 



( jpip) ~Vn~Vk-n 



(27) 5^t^(^) = E 7i3iv^l^+l-n,-l-n,.---- . 

n=0 ^ ^' 

(p) 

where Ej^_^^_^ -i-n tp p-adic Eisenstein-Kronecker series. 

The connection on Mq^ and Mq^ gives the commutative diagram 

r(ATQ^, Sym'^^^rig) r(A^Q^, Sym'^^) 



V 



V 
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By definition of the p-adic Eisenstein-Kronecker series, we have 



n=0 



X - ( 1)"^-^ ~Vn~Vfc-n ^ /: _ 1 p(p) ~Vfc ^ e 

n=l 

Therefore, if we identify Fjis^^^{ip) with its image in T{M.iQp,Sym.^J^ 
r2~ ), then by definition of Eis^J^^((^), we have 

V(5^+'M) = (l-$)Eis^J^'(^), 

where $ is the Frobenius on Sym^J^. Hence this element satisfies a condi- 
tion similar to (j26p . We next prove that a^^{(p) is in fact the image of an 
element a'^l^{ip) in T(MQ^,Sym''Jifng). 

Lemma 5.10. There exists an element 

a'^^\^)eT(MQ^,Sym''J^,,,) 

whose image in T{AiQp, Sym^J^ (g) il~ ) is 5^^^((^). 

Proof. It is sufficient to prove that a'^^i'^) descends to A^q^. In order 
to prove this statement, it is sufficient to show that 5;g^^((/?) is invariant 
under the action of [a, 1] for any a £ . By definition, [a, 1] acts on uj by 
[a, l]uj = a~^uj, and since u = u>~^, we have [a, l]u = au. Hence by duality, 
we have 

[a, = a2"-'=(S5^"S^'^-"). 

By [Ka3j Lemma 5.11.6, we have 

\r, 11 — ^'s-Sn pip) 

Our assertion now follows from the definition of a'^^{ip). □ 

We may now use a^^{ip) to explicitly describe the syntomic Eisenstein 
class. Our result shows that the syntomic Eisenstein class is related to p-adic 
Eisenstein-Kronecker series, much in the same way as the Eisenstein class in 
absolute Hodge cohomology is related to real analytic Eisenstein-Kronecker 
series. 

Theorem 5.11. The syntomic Eisenstein class Eis^^j^{(p) restricted to the 
ordinary locus is expressed as 

where Eis^'^^{ip) is the section o/r(Mx, Sym^J^® f^ij (log Cusp)) defined 
in (fTSll giving the de Rham Eisenstein class, and a!^^{ip) is the section 
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defined in the previous lemma which is the unique section mapping to 



n=0 
on Mq^. 

Proof. By construction of 0('^^{ip), we have 

Furthermore, since is a curve, we have V(Eis^+2 ((/:))) = 0. Hence 

by Proposition IA.161 the pair {a'^^{(f),Eis^^^{(f)) defines an element in 
^syn('^°"^'Sym'=^). By Corollary E321 we see that this class maps to 
the de Rham Eisenstein class through the boundary morphism. Hence the 
characterization in Proposition 14.11 of the syntomic Eisenstein class on the 
ordinary locus shows that 

as desired. □ 



Appendix A. Rigid syntomic cohomology 

In this section, we review the basic facts concerning rigid syntomic coho- 
mology. Let K he a finite unramified extension of Qp with ring of integers 
Ok and residue field k. We denote by a the lifting of the absolute Frobenius 
of k to Ok and K. 

A.l. Filtered overconvergent F-isocrystal. Here, we define the notion 
of filtered overconvergent F-isocrystals, which are the smooth coefficients 
for rigid syntomic cohomology. This is what is referred to as syntomic 
coefficients in |Balj Definition 1.1, but extend to deal with the case without 
a global Frobenius. 

Definition A.l. We say that a pair of schemes J^T = (X,X) is a smooth 
pair, if X is a smooth scheme of finite type over S := SpecO/^, and X is a 
smooth compactification such that the complement D := X \ AT is a simple 
normal crossing divisor relative to S. 

In what follows, we fix a smooth pair ^ = (A, A). Let A^ := X ®k and 
Afc := A /c. We denote by Isoc^ ( A^ /i^') the category of overconvergent 
isocrystals on A^ ( |Ber2j Definition 2.3.6). The realization, in the sense of 
[Ber2j p. 68, of the category Isoc^(Afc/Er) may be given as follows. Let X 
and X be the formal completion of A and A with respect to the special 
fiber, and let Xk and Xk be the associated rigid analytic space. Note that 
these rigid analytic spaces are the tubular neighborhoods 

]Xk[-^=XK, \Xk[-^=XK- 
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For any strict neighborhood U of j : Xk ^ -^K: we let j"'" be the functor 
defined in |Ber2j (2.1.1.3). This functor associates to a coherent ©(/-module 
M the coherent j^^O^^^-module j^M. The category Isoc^(Xfc/i^) may be 
realized as the category whose objects consists of the pair (Mrig, Vrig), where 
Mrig is a coherent j^Oxg^ -modules on Xk with integrable connection 

which is overconvergent, in the sense of loc. cit. Definition 2.2.5. We denote 
by F* the functor defined in |Ber2j 2.3.7 

F:-. lsoc\Xk/K) ^ lsoc\Xk/K) 

obtained as the composition of the base extension a : K ^ K with the 
absolute Frobenius F^ : — X^ of the special fiber. A Frobenius structure 
on an overconvergent isocrystal M^ig on X^ is an isomorphism 

$ : F^Mrig ^ Mng 

mlsoc\Xk/K). _ _ 

Next, let Xk := X ® K and Xk := X ^ K. Consider a coherent M 
module on Xk with integrable connection 

V : M M ^^l^JlogD) 

on M with logarithmic singularities along D. We may associate to M an 
overconvergent isocrystal A^rig on as follows. Let Xf^ be the rigid 
analytic space associated to Xk- Then X^ is a strict neighborhood of 
j: Xk ^ Xk- We let Mrig be the j'^O^^-module 

Mrig := jt(M|x-) 

with an overconvergent connection Vrig induced from V. Then (Mrig, Vrig) 
represents an overconvergent isocrystal A^rig hi lso(^ {Xj./ K)- We now give 
the definition of the category of filtered overconvergent F-isocrystals on the 
smooth pair 

Definition A. 2. We define the category S{^) of filtered overconvergent 
F -isocrystals on ^ to be the category consisting of the 4-uple 

= (M,V,F*,$), 

where 

(1) M is a coherent O-^^ -module with an integrable connection 

V : M ^ M (g) (log D) 

with logarithmic singularities along D. 

(2) F* is a descending, exhaustive, and separated filtration on M satis- 
fying Griffiths transverality 

V{F'M) C F—^M (g) (logZ?). 
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(3) Let Mrig be an overconvergent isocrystal represented by (M^g, Vrig). 
Then $ is a Frobenius structure on A^rig- 
The morphisms m this category are morphisms of coherent Cj^^ -modules 
compatible with the additional structures. 

Next, we define the de Rham and rigid cohomology of filtered overcon- 
vergent F-isocrystals. Let ^ he a, smooth pair, and let M = (M, V, F* , $) 
be a filtered overconvergent F-isocrystal on ^ . Let 

DR3r(M) ■.= M® f^^^^.(log D) 
DR'g(M,ig) := Mrig 

where (log D) is the de Rham complex on Xk with logarithmic singu- 
larities along D. Then DR*p^(M) has a filtration defined by 

(28) F™DR3r(M) := F™-«M Vt'L^^ (log D). 

We associate to M the de Rham cohomology 

H^aRi^,M) := ffr(X^,DR3R(M)), 

which has a Hodge filtration defined by the Hodge to de Rham spectral 
sequence 

(29) Ef'^ = {XK,Gv'j,{DR;^{M))) ^ Hl^''{^,M). 

Let (Mrig, Vrig) be the overconvergent F-isocrystal associated to (M, V). 
The rigid cohomology for A4 is defined as 

Hi,g{Xk,M) := i?T(:YA-,DR'g(Mrig)). 

This cohomology has a Frobenius <l> induced from the Frobenius ^ on A/fig. 
As in [Bal] Definition 1.12, we have a natural homomorphism 

(30) H'^r{^, M) ^ Hl,g{Xk,M). 

Definition A. 3. Let A4 he a filtered overconvergent F-isocrystal on ^ . 
We say that Ai is admissible, if it satisfies the following conditions. 

(1) The spectral sequence (j29|) degenerates at Ei. 

(2) The morphism pop is an isomorphism of i^- vector spaces. 

(3) The ii'-vector space ()30p with the Hodge filtration on de Rham co- 
homology and Frobenius on rigid cohomology is weakly admissible 
in the sense of Fontaine. 

Remark A. 4. The above definition of admissibility is ad hoc. There should 
be a definition of admissibility for filtered overconvergent F-isocrystals which 
would imply the above. 

Definition A. 5. Suppose M = (M, V, F, <I>) is an admissible filtered over- 
convergent F-isocrystal on the smooth pair = {X,X). We define the 
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rigid cohomology Hl-^^{^ , M) of the smooth pair ^ with coefficients in M. 
to be the i^-vector space 

with a natural Frobenius $ induced from the Frobenius <I> on A/fig and 
a Hodge filtration F* induced from the Hodge filtration of H^-^{,!^,A4) 
through the isomorphism (j30p . 



A. 2. Higher direct images. Next, we define the higher direct image of 
filtered overconvergent F-isocrystals for proper and smooth morphisms be- 
tween smooth pairs. Let J^T = (X, X) and ^ = {Y, Y) be smooth pairs. A 
morphism u: ^ ^ '3/^ between smooth pairs is a map u: X ^Y such that 
u{X) C Y. 

Definition A. 6. We say that a map of smooth pairs u: ^ — > is proper, 
if u\x is proper. We say that u is smooth, if u\x is smooth. 

In this subsection, we define the higher direct images of filtered overcon- 
vergent F-isocrystals for a proper and smooth map n: ^ — > '3^. In what 
follows, we assume that u is proper and smooth. Let D = X \ X and 
D' = Y\Y . We define the sheaf of relative logarithmic diff'erential Qi^ .^r^ , 
as the cokernel 

^ u*nL{\ogD') ^ n^{\ogD) ^ ^ 0, 

and let Vl'L,^, = ^'^Vt\, ,^ , . Suppose M is a coherent -module with 

x/y,iog x/y,iog 

logarithmic connection 

V : M ^ M ®o^Q}^{\ogD). 
We define the relative de Rham complex 

Then the direct image for de Rham cohomology of (A/, V) is defined to be 
the coherent Ot7 -module 

J- K 

R^UAK^M := i?9^/,DR^/y(M), 

which has an integrable logarithmic connection, called the Gauss-Manin 
connection, defined as in |Ka2j as follows. 

We define a filtration on the de Rham complex DR*(Af) by 

FiFDR'(A/) := Image [dR— «(Ar) (g)o_ u*0|.(log L>') ^ DR*(M) 

Then we have 

gr^iiDR'(M) = DR7/^(M) ®o^u*a^\ogD'). 
Then this filtration gives the spectral sequence for filtrations 
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where the £'i-term may be written as 

Ef' = {dR'~I\.{M) ®o^u*aL{\ogD')) 

= R'udK^M u*17^(logL»')- 
The Gauss-Manin connection 

V : BTu^K^M ^ WuAK^M (g) Oi.(log D') 

is defined as the connecting morphism : E^^ E^' of the above spectral 
sequence. 

The higher direct image for rigid cohomology may be define using a sim- 
ilar method. Note that since u\x is smooth, the map u ?C — > ^ K is 

smooth in a neighborhood of X^. Let j'^fiij ,^ be the relative de Rham 
^KiyK 

differential on Xk- Consider an overconvergent isocrystal A^rig on real- 
ized as (Mfig, Vrig). Then the relative de Rham complex associated to this 
realization is 

Then the higher direct image for rigid cohomology is defined to be the 
module 

iJ^Urig^A^rig := fi''^i*DR^/^(Mrig), 

which by [Berlj Theorem 5 is a coherent j^^O^^^-module with an integrable 
overconvergent connection. See |Tsz| §3.2 for a detailed construction of this 
Gauss-Manin connection. 

Suppose Alrig = (-^rigiVrig) has a Frobenius structure <^ : F^AIrig 
A^rig compatible with the connection. The pull-back by the absolute Frobe- 
nius Fk : Xj^ Xk induces a base change morphism 

F: (fl^Urig^Mrig) ^ iJ^nrig, (F^Mrig) , 

which is an horizontal isomorphism by |Tszj Proposition 2.3.1. Composed 
with <I>, we have a Frobenius structure 

(31) $ : F* (R'^UngMng) ^ R'^Ung^Mng. 

Suppose u: !SJ ^ ^ is a proper smooth morphism of smooth pairs, and 
let (M, V) be a coherent module on Xk with integrable connection with 
logarithmic poles along D. Then for Mfjg := j^(M|xgO> have the follow- 
ing. 

Proposition A. 7. There exists a canonical isomorphism 

(32) jt ((i?9udR*M)|yan) ^ fi%,ig*Mrig. 
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Proof. Consider the commutative diagram 

^ Xk ^ Xk 



uk 



Yk -Yk ^Yk. 

The flat base change for the second square gives an isomorphism 

Combined with the base change for the first square, we have a homomor- 
phism 

(33) {Wuk*M)\y^. ^ i?''n^",(M|x-) 

which is an isomorphism by GAGA from the assumption that u\x is proper. 
Since the map u: Xk yx is quasi-compact and quasi-separated, coho- 
mological functors and direct hmits commute (See |Tszj §4.1.1 for details). 
Hence we have an isomorphism 

(34) jti?^u??,(Af|x-) = i?%??,(M,ig). 

Our assertion now follows by composing the above isomorphisms. □ 

Definition A. 8. Let u: ^ — > be a proper smooth morphism of smooth 
pairs, and let Ai := (M, V,-F*,$) be a filtered overconvergent F-isocrystal 
on ^ . We define the higher direct image R'^u^,A4 by 

Riu,M := (ii«ndR*M,V,F',$), 

where V is the Gauss-Manin connection, F' is the filtration on i2*MdR*(M) 
induced from the Hodge filtration on M and $ is the Frobenius induced 
through (I32p from the Frobenius (I31|) on R'^Uj-ig^M,-ig. 

A. 3. Rigid syntomic cohomology. In this section, we well recall the the- 
ory of rigid syntomic cohomology with coefficients of |Balj , with slight mod- 
ification to allow for the case without a global Frobenius. We first define 
the notion of an overconvergent Frobenius for a smooth pair. 

Definition A. 9. Let ^ = {X, X) be a smooth pair. Then an overcon- 
vergent Frobenius (px = i4',4>v) on is a pair of morphisms such that 
(f> : X ^ X is a morphism of "^-formal schemes lifting the absolute Frobe- 
nius Fk of Xk, and (t)v ■ V — > Xk is a morphism of rigid analytic spaces on 
some strict neighborhood V of Xk in Xk which extends 4>k ■= 4> ® K. In 
other words, we have a commutative diagram 

Xk ^ X ^ Xk^ ^ VC ^ Xk 
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Remark A. 10. (1) In our previous paper [Balj . we assumed the exis- 
tence of a global Frobenius (j)x : X ^ X on the entire formal scheme 
X. This would naturally give rise to (px in our sense. This weak 
form is necessary to consider the theory when X is a modular curve. 
(2) If X is an affine smooth scheme X = Spec^, then by a theorem of 
van der Put |vdPj (2.4), there exists a Frobenius </) : — > yl^ on the 
weak completion of A lifting the absolute Frobenius of the special 
fiber. This combined with [Berlj (2.5.3) shows that an overconver- 
gent Frobenius exists in this case. 

Definition A.ll. We denote by the category of syntomic data on K 
defined as follows. The object in this category is a pair {^^(px)-, where 

(1) 2^ = {X,X) is a smooth pair. 

(2) (px = {4','i>v) is an overconvergent Frobenius on 1^ . 

A morphism between syntomic datum {I^,cj)x), {'3^,<Py) in '^K is a mor- 
phism of smooth pairs u: ^ ^ 'W compatible with the Frobenius. 

We will often omit the (px from the notation and simply write 3J for 
{^X^ ^(px)- In what follows, we fix a syntomic data ^ . Suppose M.^^ is an 
overconvergent isocrystal in Isoc^(Xfe/K) represented by (Afrig, Vrig). Then 
by [Berlj Proposition 2.5.5, the overconvergent isocrystal F*]^^^ is ex- 
pressed as the pull-back by <py of (Mrig, Vng). Hence a Frobenius structure 
$ on A^rig may be explicitly realized as an isomorphism $ of j^O^^-modules 

^> : (/>yMrig ^ Mrig 

on Xk, horizontal with respect to the connection Vrig- Using this realiza- 
tion, we may define rigid syntomic cohomology of (^, ^x') with coefficients 
in an admissible overconvergent i^-isocrystal M. essentially following the 
method of [Balj . 

Let I be a finite set, and let 11 = {{7j}jg/ be a covering of X by Zariski 
open sets. We put Ui^.-.i^K = f^o<j<nUi-K- Next, let Ui = C/j fl A, and let 
UiK be the rigid analytic space over K associated to the formal completion 
Ui of Ui with respect to the special fiber. For UiQ...i„K = f^o<j<nUijK, we 
denote by jio...i„ the inclusion 

iio- -i„ : Uio-inK ^ Xk- 
We let it!*j^(it. At) be the simple complex associated to the Cech complex 

nr(c7.x,DRSR(A/))^nr(I7 DRSr(M))^... 

and we let i?*g(il, Al) be the simple complex associated to 

nr(:t^i,, jlDR*g(Mrig)) - n r(:Y^, j^^DR'g(Mrig)) - ■ ■ ■ . 

i io,ii 
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The complex has a filtration induced from the Hodge filtration, 

and there are canonical homomorphisms 

<Pix ■■ K ®,^K R'igiii, M) ^ R',g{ii, M), 

where the first morphism is induced from <I> and the overconvergent Frobe- 
nius (j)x, and the second from 9. We let 

i?'yn(il,7W) := Cone(F°i2^R(il,7W) ^ R'ig{il, M))[-l], 

where the morphism is (1 — (p^x) o 0^. 

Definition A. 12. We define the rigid syntomic cohomology of ^ with 
coefficients in A4 by 

H^,{^,M) ■.= l\mH^{R:^^{ii,M)), 
a 

where the limit is taken with respect to coverings il ordered by refinements. 
Note that we have an canonical isomorphism 

if the covering il consists of affine open sets. 

Proposition A. 13. By definition, we have a long exact sequence 

In the special case y = (Spec OxiSpec Ok) with Frobenius a, then S{y) 
is simply the category of filtered Frobenius modules. For M. = (M, 0, F, 
in S{Y), we have 



H%A'^.M) = Ker [f^M M 



Hly^{r,M) = Coker [F^M M 
and H^^{r,M) = i/m 0, 1. 
Corollary A. 14. We have a short exact sequence 

Definition A. 15. We define the boundary map 
(35) H^,^r,M)^H^^i^,M) 
to be the composition of the surjection 

with the natural injection 
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A. 4. Cohomology class in H^. In this section, we give a method to ex- 
plicitly describe a cohomology class in the first syntomic cohomology of an 
admissible filtered overconvergent F-isocrystal. Suppose ^ = {X, X , (f>x) 
is a syntomic data and suppose ^ = (M, V, -F, is an admissible filtered 
overconvergent F-isocrystal in S{^). Then we have the following. 

Proposition A. 16. Suppose M. = (M, V,F, <1>) is an admissible filtered 
overconvergent F-isocrystal on such that F^M = 0. Then a class 

is given uniquely by pairs of sections (a, ^) for 

a G T(XK,M,ig), ^ G T(Xk,F-^M (^Q^JlogD)) 

satisfying the conditions V(a) = (1 — ^)(, and V(^) = 0. 
Proof. We fix an affine open covering it = {Ui} of X. Then we have 

The condition on the Hodge filtration of A4 implies that R^y^{ii,A4) = 
F°i?[Jj^(il,>i) = 0, and F^R*^^{ii,M) is given by the Cech complex 



[1] 



for FODR^r(M) = F^M ^Q]^^ {log D). Suppose we have a class [a] G 
^syni^i-^)- Then this class is represented by a pair 

(an, en) G R%{!d, M) F'R\j,{ii, M) 

satisfying the cocycle conditions (9(au) = (1 — and d{(,ix) = 0, where d 
is the differential operator on each of the complexes i?*g and R^^- This rep- 
resentation is unique, since R'^y^{U.,M.) = and thus there are no cobound- 
aries. If we write an = (a^) G 0jg/ r(Afi^, jtMrig) and 

eu= te) G 0r(I7,K,FODRiR(M)), 

then the cocycle conditions are V(aj) = (1 — aj = Oi and = ^j. 

Hence both (oj) and (^j) paste together uniquely to global sections a G 
T(Xk, Mrig) and ^ G T(Xk, F'^M (g) fii. (log D)) satisfying the differential 
equations V(a) = (1 — <^)e and V(e) = as desired. Conversely, we see 
directly from the definition that a pair (a, e) satisfying the above conditions 
defines a class in H^y^{^ , ^A). □ 

Suppose e G T{Xk, M (g) (logD)) is an element satisfying V(e) = 0. 
Then this defines a de Rham cohomology class 

[^]eHl^{^,M). 
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By the previous proposition and the construction of the boundary morphism, 
we have the following. 

Corollary A. 17. Suppose [a] G H^y^{^,M) is of the form 

[a] = {a, 

as in the previous proposition, where a £ r{XK,M^ig) and ^ € T{Xk,M 
(logD)). Then the image of [a] with respect to the boundary morphism 

is given by [(^]. 
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